We calculate the S-wave charmonium spectroscopy using the Hamiltonian with the nonrelativistic QCD (NRQCD) potential. The logarithmic factor ln µr, appearing in the nextto-leading order QCD loop corrections to the potential, is expanded about r = 1/µ, where µ corresponds to the typical charmonium scale. The resulting potential characterized by the Coulombic and linear components is consistent with the form of the Cornell potential. We obtain χ 2 fitting results for the masses of the S-wave charmonium states, η c (1 1 S 0 ), J/ψ(1 3 S 1 ), η c (2 1 S 0 ), and ψ(2 3 S 1 ) in remarkable accordance with data. Our results successfully account for the hyperfine splitting for the 1S state as well as for the 2S state. We further use the three best fit parameters: the charm quark mass m c , coupling constant α s and the corresponding scale µ to predict the S-wave mass spectrum with n ≤ 6. The hints for results are discussed.
I. INTRODUCTION
The Padé interpolation method, which is called the modified Padé approximation here, was first proposed in Refs. [19, 20] to explore physics in the non-perturbative region. In this modified approach, a single Padé approximant is obtained by interpolating the weak and strong behaviors. We adopt this approach to study the charmonium spectroscopy. The QCD Hamiltonian is redefined asH(β) = H C + βH L , where H C involves the Coulomb-like potential and H L contains the linear potential. We introduce the parameter b to separate the kinetic energy term into two parts and then lump into H C and H L separately. As β = 1, we haveH(1) = H, the physical Hamiltonian. We consider two limits, β ≫ 1 and β ≪ 1, to perform the perturbation calculation. After obtaining the results in the two limits, we can then get the physical eigenenergies corresponding to physical Hamiltonian H using the Padé interpolation. (See Sec. III B for the details.) In performing the fit, we also put the constraint on b, so that the numerical error in the approach due to the choice of b is small enough ( < ∼ 2%). In general, when the radial number n ≤ 6, the error is less than 7% for 0.1 < b < 0.6. The detailed discussion for numerical errors will be presented in Sec IV.
The remaining of this paper is organized as follows. Together with an example, we will give a brief introduction to the methods of the conventional and modified Padé approximations in Sec. II. We formulate the modified Padé approximant for charmonium masses in Sec. III. In Sec. IV, the prediction for the S-wave charmonium mass spectrum, together with the best fit parameters, m c , α s , and µ, are given by minimizing χ 2 fit. Sec. V is our summary.
II. THE PADÉ APPROXIMATION A. The conventional Padé approximation
The Padé approximant f [M/N ](x) of degree (M, N ), developed by H. Padé, is an approximation of a given function f (x) as a ratio of two power series:
where P M (x) and Q N (x) are polynomials of degrees M and N , respectively. Assume that f (x) is analytic around x = 0 and has the Taylor expansion (or called the Maclaurin expansion) form: 
From the above independent equations, the N + M + 1 coefficients, p i and q i , can thus be determined.
For a given analytic function, its Padé approximant of degree (M, N ) often gives much better approximation than truncating its Taylor series of degree M + N , and, moreover, the former may still work when the latter does not converge. Physically, this implies that not only the perturbative results can be further improved, but also it becomes possible to obtain a good estimate for nonperturbative phenomenologies.
B. The modified Padé approximation
In a practical calculation, we may not know well the full Taylor expansion of a given physical quantity at the specific point, e.g., x = 0, but just have its series up to a typical order. Following the idea by Leung and Murakowski [19] , the Padé approximant of the function can be further improved if we know the truncated Taylor series of this function at the other analytic point. Here we would like to define the modified Padé approximant for a given function as follows. For an analytic function f (x) in the considered range of variable x, if we know its truncated Taylor series of degrees r and s respectively at x = 0 and x = x 0 = 0,
in analogy to the relation given in Eq. (2.4), we can obtain r + s + 2(= M + N + 1) independent equations to determine the modified Padé approximant f (r,s) [M/N ](x):
which may provide an accurate estimation for the original function in the entire range between the two expanding points. Here we take the function f (x) = ln(x + 1) as an example to illustrate the points. Expanding about the origin, which is equivalent to modeling the physically perturbation, the Taylor series of this function reads
which converges only for −1 < x ≤ 1. We can thus get the conventional Padé approximants,
On the other hand, we perform the Taylor expansion for the function at a large value of x, e.g. x = 6, which is equivalent to the case of modeling the extremely strong coupling, reads
From the Taylor series results given in Eqs. (2.9) and (2.11), we obtain the modified Padé approximants:
6 − 7 log(7) + 12(24−7 log(7)) −6+7 log(7)
x 2 + x (24−7 log(7))x 3(−6+7 log(7)) + 1 , (2.12)
132−7 log(7)− 54(−12−7 log(7)) −24+7 log(7)
−24+7 log(7) x 2 + x (−12−7 log(7))x 4(−24+7 log (7)) + 1 .
In Fig. 1 we plot the exact function 
III. FORMULATIONS OF HEAVY QUARKONIUM MASSES
A. The Hamiltonian for cc bound states
The Hamiltonian for the cc system expanding both in α s and in 1/m c , determined from the perturbative QCD, is [7, 31] 
where m c is the mass of the charm quark at the scale µ. H (0) is
including the kinetic energy and static potential up to O(α 2 s )
where P is the momentum of the charm quark, α s the strong coupling constant, and
with a 1 = 1.75, n f = 3 for the charmonium [32] [33] [34] , (3.5) and γ E ≃ 0.577216 being the Euler constant. We consider the spin-dependently and spinindependently relativistic corrections
Here V LS , V T and V hf are the spin-orbit, tensor and hyperfine (i.e. spin-spin) interactions, respectively, and V rel,K is the relativistically kinetic correction, which are given by
To solve the charmonium spectroscopy, we approximate the Taylor expansion of ln r at r = 1/µ, ln µr r
with truncated series of degree 2. For the charmonium, µ is the typical charmonium scale of order 1/r ∼ m c v, where v is the velocity of the charm quark. Consequently, we have
where
In the spherical coordinate, it is known that
We substitute Eq. (3.20) into Eq. (3.16), and obtain
A quantum state, with specified angular momentum quantum numbers l and m, is satisfied by
where Y m l (θ, φ) are spherical harmonics. Therefore, in the calculation one can simply replace L 2 by its eigenvalue l(l + 1) in Eq. (3.21), so that we have
Finally, we expressH = H − 2m ′ c and concentrate on solving its eigenenergies. To perform the Padé approximation study, we decompose the HamiltonianH = H − 2m ′ c into two parts, H C and
with 0 < b < 1. Here H C is the Hamiltonian contains the Coulomb potential, while H L involves the linear potential.
B. Masses of charmonia obtained from the modified Padé approximation
As the Hamiltonian exhibited in Eqs. (3.13) and (3.14) , at large distance, r > ∼ 1 fm, the strong interaction potential is expected to rise linearly, so that we cannot treat the linear potential as perturbative term to obtain the solutions. In the present study, we have one numerical parameter b, and three physical parameters: the charm quark mass m c , strong coupling constant α s , and the scale µ. We have checked that for n ≤ 6 the intrinsic numerical errors are less than 7% if using 0.1 < b < 0.6. The intrinsic error measures the difference between the exact value and its Padé approximant. Putting the constraint on b, so that the intrinsic numerical errors are less than 2% for all states with n ≤ 6, we use the method of the modified Padé approximation to approximate the masses of charmonia and then fit them with the current mass data for the S-wave charmonium states, η c (1 1 S 0 ), J/ψ(1 3 S 1 ), η c (2 1 S 0 ), and ψ(2 3 S 1 ) to determine the remaining three physical parameters. After that we can determined the S-wave mass spectrum.
To obtain the eigenenergies ofH, we first definē
where β is a real positive number. We can perturbatively solve the eigenenergies ofH(β) in the two limits β ≪ 1 and β ≫ 1. As β = 1, the eigenenergies ofH(β = 1) correspond to the real cc system. Once we have the results corresponding to β ≪ 1 and β ≫ 1, we can interpolate the two limits to obtain the eigenenergies of the real cc bound states by using the method of the modified Padé approximation. Note that V rel,K is contained in H L and its contribution is well under control in the perturbative calculation in the limit β ≪ 1. In the calculation of the large β limit, V rel,K is perturbatively small compared to
C will be O(α 2 /(4b 3 )) and out of control for b ≃ 0.275 which is obtained in the later study. For the S-wave charmonium system, the mass spectrum is described by the eigenenergies 2m ′ c + E n00s [2, 1] (1) are the modified Padé solutions ofH(β = 1) which will be explained below.
For a small β, using the Rayleigh-Schrödinger perturbation theory as given in the quantum mechanics textbooks [35] , we obtain, for the S-wave states,
where E <(0)
n00s ≡ E n00s is given by Eq. (A24) for which the detailed calculation can be found in Appendix A, and
where |ψ nlms and |s, s z ; s 1 , s 2 respectively correspond to the spatial and spin parts of the wave functions and we have
(see also Eq. (A26) for the detailed expression).
For a large β, we can rewrite the Hamiltonian in the following form
For the S-wave states, the energy spectrum E > n00s corresponding to the large β limit can be expanded in power series with respect to 1/β:
n00s is the zeroth corrections, and E
>(1)
n00s and E
n00s are the first corrections. They can be evaluated by the perturbation theory and are
2 dr, (3.37)
where the contributions due to V LS and V T vanish (see Appendix A), E >(0) n00s are the eigenenergies of H L with l = 0, and the corresponding eigenfunctions are
with A i being the so-called Airy function, the normalization: 40) and r n the roots of the Airy function. Now we compute the energy spectrum for S-wave cc bound states using the modified Padé approximation. The eigenenergies of the HamiltonianH(β) are approximately by the modified Padé approximants:
The coefficients p 0 , p 1 , p 2 , and q 1 can be determined in the following way. Comparing with Eq. (3.30), for a small β, we have
On the other hand, comparing with Eq. (3.34), for a large β, we get
We therefore obtain the relations:
n00s . (3.49) and arrive at the eigenenergies of real S-wave cc bound states:
n00s , (3.51)
52)
53)
. (3.54)
IV. NUMERICAL ANALYSIS AND DISCUSSIONS
We have only three parameters, m c , α s , and µ to be related to the physical masses, and one numerical parameter b. The b is related to the intrinsic error for the Padé approximant compared to its true value. In the fit, we put the constraint on b, so that the intrinsic error of the modified Padé approach is small enough < ∼ 2% for the states with the radial quantum number n ≤ 6. In general, the error is less than 7% for 0.1 < b < 0.6. (We will further discuss the intrinsic error later.) We adopt the masses of four well-measured S-wave charmonium states, η c (1 1 S 0 ), J/ψ(1 3 S 1 ), η c (2 1 S 0 ), and ψ(2 3 S 1 ) [36] , as inputs to determine m c , α s , and µ. In Particle Data Group (PDG) [36] , ψ(2 3 S 1 ) is denoted by ψ(2S) or ψ(3683), which will be discussed later.
Under the intrinsic error < ∼ 2%, we perform the best χ 2 fit which is defined by minimizing One that note that m c , α s , and µ are not really physical parameters since an isolated charm quark cannot be observed. The renormalization scale µ, which is adopted to separate the potential into several parts, is chosen to be the quantity that charmonium becomes stable, so that after some combination we have m c → m ′ c and α s →α s as shown in Eqs. (3.12) and (3.13). It is interesting to note that the Coulombic and linear potentials defined in Eq. (3.14) are then obtained to be 6) while in the Cornell potential model the potential is parametrized as V = −a/r + er, with a ≃ 0.52 and e ≃ 0.18 GeV 2 [10] . For the Cornell potential, a is usually identified by C F α s . Nevertheless, our α is
Using the obtained parameters, we can further get the masses of higher S-wave states. The results are given in Table II . For comparison, we also list the current data assignments [36] and some other theoretical results [13, 14, [37] [38] [39] . It was known that ψ(3683) and ψ(3770) could be the mixtures of 2 3 S 1 and 1 3 D 1 states due to the fact that, instead of L, the total angular momentum J is a conserved quantum number; L can be broken by some relativistic effects, for which especially the operator of the tensor force does not commute with L 2 for states with S = 1 (see the discussions in Ref. [21] ). However, we see that the fitted χ 2 min is consistent with zero, which may hint that the S-D mixing effect is negligible. One should note that the relatively large e + e − width of the ψ(3770) is difficult to understand if it is a pure 1 3 D 1c c state. This problem can be solved if ψ(3770) has an admixture of 2 3 S 1c c state [15] . Our results show that if the smallness of S-D mixing effects can be applied for higher radial excited states, the singlet-triplet splitting mass difference is about 50 MeV for n ≥ 3. Conventionally, the observables ψ(4040) and ψ(4160) were assigned as 3 3 S 1 and 2 3 D 1 states, respectively. However, our calculation suggests that the ψ(4160) may be dominated by the 3 3 S 1 state. It has been noted that the ψ(4160) has a much larger e + e − width so that it may have a significant S-wavecc component [40] . In the flux-tube model, the light hybrid charmonium states lie ∼ 4.1 GeV and it was suggested that ψ(4040) and ψ(4160) may be the strong mixtures of the hybrid charmonium and ψ(3S) [41] , which can explain why Γ e + e − (ψ(4040)) ≃ Γ e + e − (ψ(4160)). If so, the X(4160) might be further assigned as the η c (3 1 S 1 ) . The X(4160) with a mass of (4156 ± 29) MeV/c 2 and a total width of Γ = (139 +113 −65 ) MeV/c 2 was seen by Belle in the DD * recoiling from the J/ψ in the annihilation process e + e − → J/ψD * D * [42] . We obtain the mass for the 4 3 S 1 to be 4475.1±13.5 MeV, which is about 50 MeV larger than ψ(4415) which is conventionally assigned as the 4 3 S 1 state. These discrepancies can be further clarified by including higher order corrections in the calculation. The predictions for the S-wave charmonium spectroscopy (in units of MeV), compared with the results from the current data assignments (PDG) and from theoretical calculations by lattice QCD (Lattice), perturbative QCD-based (PQCD), and phenomenological quark model (QM). The theoretical errors are estimated in Table III. State (n 2s+1 L j ) PDG [36] This work Lattice [38, 39] 
For estimating the numerical uncertainties for our predictions 1 , we take into account the eigen-solutions for the spatial Hamiltonian H (0) with l = 0, i.e., the full Hamiltonian H without the spin-spin interaction term and with l = 0 :
As in Eqs. results with numerically exact eigenenergies. We see that the modified Padé approach yields approximations which are not larger than 1.5% of the exact solutions for states with n ≤ 6. 
V. SUMMARY
The S-wave charmonium spectroscopy has been calculated by considering the Hamiltonian with the non-relativistic QCD potential. For the next-to-leading order QCD loop corrections to the potential, we expand the logarithmic factor ln µr about r = 1/µ, where µ corresponds to the typical charmonium scale of order m c v, so that the QCD potential can be modeled as the Coulomb plus linear form, which is consistent with the Cornell potential. In our approach, we have performed the best χ 2 fit by comparing the current mass data of the S-wave charmonium states, η c (1 1 S 0 ), J/ψ(1 3 S 1 ), η c (2 1 S 0 ), and ψ(2 3 S 1 ), with their modified Padé approximants. Our results, in good agreement with the data, can successfully account for the hyperfine splitting for the 1S state as well as for the 2S state. The fitted parameters are m c (µ) = 1.517 GeV, α s (µ) = 0.273, and µ = 1.818 GeV, consistent well with the ranges that one usually used. Using then these three parameters we have further predicted the S-wave mass spectrum with n ≤ 6. with ψ n00s ( r) being the spatial part of the wave function for the Hamiltonian H C , given in Eq. (A26), which is spin-dependent but independent of φ since m = 0. In terms of the variables of spherical polar coordinates, r, θ and φ:
we have xydΩ = r 2 sin 3 θ cos φ sin φdθdφ
Using the results of Eqs. (A11) and (A12) to the angular integral in Eq. (A7), we obtain
and therefore
2. The corrections in S-wave states of Hamiltonian H C Since the spin-orbit and tensor interactions can be neglected for the S-wave states, following the standard approach, the eigenenergies E nlms (κ) of H C (κ) can be determined in terms of the perturbation expansion: 
In the calculation, we introduce the transformation, called the Padé approximation, to accelerate the convergence of the perturbative series of E nlms (κ) which are approximately presented as rational functions, E P A nlms [2/1](κ),
where p C 0,1,2 and q C 1 can be determined by the values of E
nlms , E
nlms , and E
nlms . Therefore, for the S-wave states, the eigenenergies of the Hamiltonian H C are approximately to be
and the corresponding wave functions are |ψ C n00s = |ψ n00s ⊗ |s, s z ; s 1 , s 2 ,
where up to the second order r|ψ n00s = ψ n00s ( r) ≃ ψ 
ns (r) .
